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1. Sec. 6.4 Q7

7. Let T be a linear operator on an inner product space V, and let W be
a T-invariant subspace of V. Prove the following results.
(a) If T is self-adjoint, then Ty is self-adjoint.
(b) W+ is T*-invariant.
(c) If Wis both T- and T*-invariant, then (Tw)* = (T*)w.
(d) If W is both T- and T*-invariant and T is normal, then Ty is
normal.
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2. Sec. 6.4 Q8

8. Let T be a normal operator on a finite-dimensional complex inner
product space V, and let W be a subspace of V. Prove that if W is

T-invariant, then W is also T*-invariant. Hint: Use Exercise 24 of Sec-
tion 5.4.
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3. Sec. 6.4 Q9

9. Let T be a normal operator on a finite-dimensional inner product space
V. Prove that N(T) = N(T*) and R(T) = R(T*). Hint: Use Theo-
rem 6.15 and Exercise 12 of Section 6.3.
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4. Sec. 6.4 Q10

10. Let T be a self-adjoint operator on a finite-dimensional inner product
space V. Prove that for all x € V
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5. Sec. 6.4 Q11

11. Assume that T is a linear operator on a complex (not necessarily finite-

dimensional) inner product space V with an adjoint T*. Prove the
following results.

(a) If T is self-adjoint, then (T(x),z) is real for all x € V.

(b) If T satisfies (T(z),z) = 0 for all x € V, then T = Ty. Hint:

Replace x by x + y and then by = + iy, and expand the resulting
inner products.

(c) If (T(x),z) is real for all z € V, then T = T*.
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